Introduction {#Sec1}
============

Residuated lattices \[[@CR7]\] are a usual choice for general algebras of truth-values in systems of mathematical fuzzy logic \[[@CR1]--[@CR3], [@CR9]\], as well as for valuation structures in lattice-valued fuzzy sets (L-fuzzy sets) \[[@CR8]\] and in multiple-valued generalisations of information relations \[[@CR11], [@CR13], [@CR14]\]. Actually, from this perspective, residuated lattices can be seen as generalizations of the algebraic structures on the real unit interval \[0, 1\] induced by a (left-continuous) t-norm and its residuum. Indeed, in a residuated lattice, besides the lattice-meet $\documentclass[12pt]{minimal}
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                \begin{document}$$\rightarrow $$\end{document}$ (or its left- and right- residua in case the monoidal operation is not commutative). In a logical setting, while the lattice-meet and lattice-join are used to model a *weak conjunction* and a *weak disjunction* respectively, the monoidal operation is used to model a *strong conjunction* connective and its residuum to interpret an implication connective.

However, there is no primitive operation in a residuated lattice that properly accounts for a *strong disjunction* playing the role of a t-conorm in \[0, 1\]. Of course, one can always define a disjunction operation by De Morgan duality from the monoidal operation $\documentclass[12pt]{minimal}
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                \begin{document}$$\lnot $$\end{document}$ is a well-behaved involutive negation, one is bound to a unique choice for a strong disjunction. To remedy this situation, Orłowska and Radzikowska introduce in \[[@CR12]\] more general residuated structures by expanding residuated lattices with an extra monoidal operator playing the role of a t-conorm, together with its (dual) residuum as well. They call them *double residuated lattices*, DRLs for short.

In \[[@CR12]\], the authors study basic properties of DRLs and their application to fuzzy information systems. In this paper we are interested in the particular subclass of double residuated structures that are counterpart of MTL-algebras \[[@CR6]\], that is, prelinear, bounded, commutative and integral residuated lattices. MTL-algebras constitute the algebraic semantics for the MTL logic, the system of mathematical fuzzy logic that is complete w.r.t. the class of residuated lattices on the real unit interval \[0, 1\] induced by left-continuous t-norms \[[@CR10]\]. Our aim is to axiomatise the logic whose intended semantics are double residuated structures on \[0, 1\], hence induced by an arbitrary pair of a left-continuous t-norm and a right-continuous t-conorm, together with their respective residual operations.

The paper is structured as follows. After this introduction, in Sect. [2](#Sec2){ref-type="sec"} we recall basic definitions and facts about the MTL logic and on double residuated lattices. Then in Sect. [3](#Sec5){ref-type="sec"}, as a preliminary step, we axiomatise the logic dual to MTL, called dMTL, while in Sect. [4](#Sec6){ref-type="sec"} we axiomatise the logic complete w.r.t. to the class of double residuated lattices on the real unit interval \[0, 1\]. We finish in Sect. [5](#Sec9){ref-type="sec"} with some conclusions and future work.[1](#Fn1){ref-type="fn"}

Preliminaries {#Sec2}
=============

A Refresher on MTL {#Sec3}
------------------
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We present the MTL axiomatic system proposed in \[[@CR6]\]: $\documentclass[12pt]{minimal}
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The only inference rule for MTL is Modus Ponens:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\text{(MP) } \text{: } \frac{\varphi \quad \varphi \rightarrow \psi }{\psi } $$\end{document}$$MTL is an algebraizable logic and its equivalent algebraic semantics is given by the variety of MTL-algebras. We recall their definition.

### Definition 1 {#FPar1}
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As a direct consequence of its algebraizability, we have the following general completeness result for MTL.

### Theorem 1 {#FPar2}
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Thanks to the fact that MTL proves the prelinearity axiom $\documentclass[12pt]{minimal}
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### Theorem 2 {#FPar3}
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In other words, MTL is a *semilinear* logic \[[@CR4]\]. As a matter of fact, semilinearity is inherited by many expansions of MTL with new axioms and (finitary) inference rules: the authors of \[[@CR4], [@CR5]\] prove that an expansion *S* of MTL is semilinear iff for each newly added finitary inference rule**(R):** $\documentclass[12pt]{minimal}
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Moreover, going back to MTL, to check the validity of a deduction in MTL we can even restrict ourselves to check it on the class of MTL-chains defined on the real unit interval \[0, 1\], also known as *standard chains*. This was proved by Jenei and Montagna in \[[@CR10]\].

### Theorem 3 {#FPar4}

**(Standard completeness).** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma \vdash _{MTL} \varphi $$\end{document}$ iff, for any standard MTL-chain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{A}$$\end{document}$ and for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{A}$$\end{document}$-evaluation *e*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e(\psi ) = 1$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in \varGamma $$\end{document}$ implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e(\varphi ) = 1$$\end{document}$.

In algebraic terms, this result indicates that the variety of MTL-algebras is generated by its standard chains. Note that if $\documentclass[12pt]{minimal}
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Double Residuated Lattices {#Sec4}
--------------------------

As mentioned in the introduction, the class of double residuated lattices (DRL) was introduced by Orłowska and Radzikowska in \[[@CR12]\], in order to come up with algebraic structures general enough to accommodate on a lattice not only a strong conjunction and its residuum as in the case of residuated lattices, but also a strong disjunction and its residuum.

Although the definition of double residuated lattice in \[[@CR12]\] is very general, for the purpose of this paper we will restrict ourselves to the commutative, bounded and integral case.

### Definition 2 {#FPar5}
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Analogously to (commutative, bounded, integral) residuated lattices, DRL-algebras form a variety. In a DRL-algebra, the lattice order relation can be recovered from both residua, indeed we have:$$\documentclass[12pt]{minimal}
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DMCTL-algebras are also introduced in \[[@CR12]\] as the subvariety of DRL-algebras satisfying a pre-linearity condition and its dual version.

### Definition 3 {#FPar6}
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dMTL: The Dual Logic of MTL {#Sec5}
===========================

Before expanding the logic MTL with a strong disjunction and its residuum, it is convenient to start with a *dualised* version of MTL, that we call dMTL, with only a strong disjunction and its residuum. It is just a formal exercise, but it will help later when defining the whole logic.
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The only inference rule for dMTL is the following dual form of Modus Ponens:$$\documentclass[12pt]{minimal}
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In fact, dMTL-algebras are the dual structures of MTL-algebras in the following sense. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle A, \wedge , \vee , 0, 1 \rangle $$\end{document}$ be a lattice, and consider its dual version $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \langle A, \wedge ^{d}, \vee ^{d}, 0^{d}, 1^{d} \rangle $$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\wedge ^{d} = \vee , \vee ^{d} = \wedge , 0^{d} = 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1^{d} = 0$$\end{document}$. Then, it is easy to check that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A} = \langle A, \wedge , \vee , \oplus , \leftarrow , 0, 1 \rangle $$\end{document}$ is a dMTL-algebra iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}^d = \langle A, \wedge ^d, \vee ^d, \oplus , \leftarrow , 0^d, 1^d \rangle $$\end{document}$ is a MTL-algebra. In other words, a dMTL-algebra is just a MTL-algebra over its dual lattice reduct.

As a consequence of this observation, it becomes clear that the logic dMTL is not a 1-preserving logic but a 0-preserving logic. Indeed, all the above axioms are evaluated to 0 by any evaluation on a dMTL-algebra and the inference rule (dMP) does not preserve the truth but the falsity: indeed, for any evaluation *e*, if $\documentclass[12pt]{minimal}
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Theorem 4 {#FPar7}
---------
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Moreover, one can show that MTL and dMTL are equivalent deductive systems in the following strong sense. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$^+$$\end{document}$ be the map from dMTL-formulas to MTL-formulas such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}&\mathbf {1}^{+} = \mathbf {0},\; p^{+} = p, \text {for each propositional variable } p, \text{ and }\\&(\varphi \vee \psi )^+ = \varphi ^+ \wedge \psi ^+, (\varphi \leftarrow \psi )^+ = \varphi ^+ \rightarrow \psi ^+, (\varphi \circledcirc \psi )^+ = \varphi ^+ \& \psi ^+, \end{aligned}$$\end{document}$$and let $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar8}
-------

The following conditions hold: For any set of MTL-formulas $\documentclass[12pt]{minimal}
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The Logic DMCTL: Putting Together MTL and dMTL {#Sec6}
==============================================

In this section we introduce the *double monoidal t-conorm and t-norm logic*, DMCTL for short, as the expansion of the logic MTL with a strong disjunction and its dual residuum.

The language of the logic DMCTL expands the language of MTL (built over primitive connectives $\documentclass[12pt]{minimal}
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We will continue using the following definable connectives: $\documentclass[12pt]{minimal}
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From the syntactic point of view, we define the logic DMCTL by expanding MTL with, roughly speaking, the 'negation' of the axioms and rules of dMTL.

Definition 4 {#FPar9}
------------

DMCTL is the expansion of MTL with the following set of axioms$$\documentclass[12pt]{minimal}
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Note that rules (R1) and (R2) enforce the requirement that the order relations induced by both implications coincide.

Remark 5 {#FPar10}
--------
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It is not hard to show that DMCTL enjoys the following congruence properties for the new connectives.

Lemma 2 {#FPar11}
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These properties point out that DMCTL is in fact a *weakly implicative logic* and hence algebraizable as well \[[@CR5]\], and it has the variety of DMCTL-algebras as its equivalent algebraic semantics. Therefore we already have for free the following general completeness result.

Theorem 6 {#FPar12}
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By definition, DMCTL is a expansion of MTL, but in fact we can show more.

Lemma 3 {#FPar13}
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DMCTL is a conservative expansion of MTL.
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Lemma 4 {#FPar14}
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Since in a linearly ordered lattice, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \vee y = 1$$\end{document}$ iff either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x = 1$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y = 1$$\end{document}$, an easy observation is that the set of linearly-ordered DMCTL$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$^\ell $$\end{document}$-algebras and linearly-ordered DMCTL-algebras coincide.

### Lemma 5 {#FPar15}
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Therefore, we have the following chain-completeness result for DMCTL$\documentclass[12pt]{minimal}
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### Theorem 7 {#FPar16}
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Finally, in this section we show that, in fact, DMCTL$\documentclass[12pt]{minimal}
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### Theorem 8 {#FPar17}
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### Proof {#FPar18}
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Conclusions {#Sec9}
===========

In this paper we have been concerned with defining a logic complete with respect to the class of double residuated lattices on \[0, 1\] induced by left-continuous t-norms and right-continuous t-conorms. Future work will focus on different extensions of the logic DMCTL$\documentclass[12pt]{minimal}
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The results in this paper are based on the Master thesis \[[@CR15]\].

This means that, e.g. in a derivation $\documentclass[12pt]{minimal}
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